Introduction {#Sec1}
============

Mathematical models have been developed to explore mechanisms and dynamical behaviors in host virus infection process, and these provide insights into our understanding of HIV and other viruses; for example, HBV, HCV, influenza, SARS and Ebola are formulated and studied in many articles. Mathematical analysis for these models are necessary to obtain an integrated view for the virus dynamics in vivo. Nowak and Bangham ([@CR16]) pointed out that cytotoxic T-lymphocyte (CTL) immune responses play a critical part in antiviral defense by attacking virus-infected cells in most virus infections. They proposed the basic mathematical model describing immune responses against infected cells$$\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, die at rate *d*, and become infected at rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$. Infected host cells, *w*, die at rate *a* and are killed by the CTL response at rate *p*. Free virus *v* are produced from infected cells at rate *k* and are removed at rate *m*. The variable *z* denotes the magnitude of the CTL response, which expands in response to viral antigen derived from infected cells at rate *c*, and decays in the absence of antigenic stimulation at rate *b*.

Usually the rate of infection in most virus infection models is assumed to be bilinear in the virus *v* and the uninfected cells *u*. However, the actual incidence rate is probably not linear over the entire range of *v* and *u*. Thus, it is reasonable to assume that the infection rate is given by the Beddington--DeAngelis functional response, $\documentclass[12pt]{minimal}
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                \begin{document}$$a_1,a_2>0$$\end{document}$ are constants. The functional response $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\beta u(t)v(t)}{1+a_1u(t)+a_2v(t)}$$\end{document}$ was introduced by Beddington ([@CR2]) and DeAngelis et al. ([@CR4]). It is similar to the well-known Holling type II functional response but has an extra term $\documentclass[12pt]{minimal}
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                \begin{document}$$a_1>0; a_2=0$$\end{document}$, the Beddington--DeAngelis functional response is simplified to Holling type II functional response (Li and Ma [@CR12]). And when $\documentclass[12pt]{minimal}
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                \begin{document}$$a_2>0$$\end{document}$, it expresses a saturation response (Song and Neumann [@CR22]). They obtained some criterion for the local asymptotic stability of the positive equilibrium of model ([1](#Equ1){ref-type=""}) and gave the global stability of the positive equilibrium by constructing Lyapunov functions. Balasubramaniam et al. ([@CR1]) and Pawelek et al. ([@CR17]) performed detailed qualitative and bifurcation analysis such as the stability of equilibria and Hopf bifurcation.

Note that it is implicitly assumed that cells and viruses are well mixed, and the spatial mobility of cells and viruses has been ignored in model ([1](#Equ1){ref-type=""}). Model ([1](#Equ1){ref-type=""}) has been traditionally formulated in relation to the time evolution of uniform population distributions in a habitat and areas such governed by ordinary differential equations. However, as discussed by Wu ([@CR29]), in many biological systems, the species under consideration may disperse spatially as well as evolving in time. The mobility of susceptible cells, infected cells and immune cells is further neglected under normal conditions, but viruses move freely in body in McCluskey and Yang ([@CR14]), Gourley and So ([@CR5]), Xu and Ma ([@CR31]), Hattaf and Yousfi ([@CR7], [@CR8]), Wang et al. ([@CR23], [@CR26]) and Zhang and Xu ([@CR35]). They introduced the random mobility for viruses into model ([1](#Equ1){ref-type=""}) and assume that the motion of virus follows the Fickian diffusion. Yang and Xu ([@CR33]) proposed the following virus infection model with spatial dependence$$\documentclass[12pt]{minimal}
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                \begin{document}$$u(x, t),\; w(x, t),\; v(x, t)$$\end{document}$ and *z*(*x*, *t*) represent the densities of uninfected cells, infected cells, free virus and immune cells at location *x* and time *t*, respectively. The Laplacian operator and the diffusion coefficient are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\triangle $$\end{document}$ and *D*, respectively. It is demonstrated in model ([2](#Equ2){ref-type=""}) that by constructing Lyapunov functionals and using LaSalle's invariance principle, the global stability of the model is established. More recently, the global dynamics of diffusive virus dynamic models have been studied in McCluskey and Yang ([@CR14]), Gourley and So ([@CR5]), Xu and Ma ([@CR31]), Hattaf and Yousfi ([@CR7], [@CR8]), Wang et al. ([@CR23], [@CR26]) and Zhang and Xu ([@CR35]).

During viral infections, the immune system reacts against virus. The antibody and CTLs play the crucial roles in preventing and modulating infections. The antibody response is implemented by the functioning of immunocompetent B lymphocytes. The CTL response has the ability to suppress the virus replication in vivo. Hence, an effective vaccine to prevent virus infection needs both strong neutralizing antibody and CTL responses (Balasubramaniam et al. [@CR1]; Wodarz [@CR28]; Yan and Wang [@CR32]; Wang et al. [@CR27]). Therefore, some of the typical HIV infection models are described by delay differential equations, considering the dynamics of target cell, virus populations and immune response has been studied in recent years (Nelson and Perelson [@CR15]; Yan and Wang [@CR32]; Zhu and Zou [@CR37]; Shu et al. [@CR21]; Yuan and Zou [@CR34]; Balasubramaniam et al. [@CR1]; Wang et al. [@CR24], [@CR27]; Pawelek et al. [@CR17]; Huang et al. [@CR10]; Ji [@CR11]; Lu et al. [@CR13]; Xiang et al. [@CR30]). There are some models which include intracellular delay (Nelson and Perelson [@CR15]; Yan and Wang [@CR32]; Zhu and Zou [@CR37]; Shu et al. [@CR21]; Wang et al. [@CR24], [@CR27]; Pawelek et al. [@CR17]; Huang et al. [@CR10]); some authors believe that time delays cannot be ignored in models for production viruses (Shu et al. [@CR21]; Wang et al. [@CR27]; Ji [@CR11]; Xiang et al. [@CR30]). Therefore, it is more realistic to investigate delayed virus infection models with antibody and CTL responses and nonlinear incidences. However, to our knowledge, there are few works on diffusive virus dynamics model with time delay and adaptive immune response.

Motivated by the works of Yang and Xu ([@CR33]), Yan and Wang ([@CR32]), Wang et al. ([@CR27]) and McCluskey and Yang ([@CR14]), we propose a delayed virus infection model with generalized incidence rate and spatial diffusion$$\documentclass[12pt]{minimal}
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                \begin{document}$$t>0,x\in \Omega $$\end{document}$, where *y*(*x*, *t*) represents the densities of antibody cells at location *x* and time *t*, *h* represents the death rate of the antibody response, *q* is the antibody cells neutralize rate, *g* is the birth rate of the antibody response. And the other parameters are the same meaning as model ([1](#Equ1){ref-type=""}).

In model ([3](#Equ3){ref-type=""}), based on the epidemiological background, to incorporate the intracellular phase of the virus life cycle, we assume that virus production occurs after the virus entry by the intracellular delay $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _1$$\end{document}$. The recruitment of virus-producing cells at time *t* is given by the number of the uninfected cells that were newly infected at time $\documentclass[12pt]{minimal}
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                \begin{document}$$t-\tau _1$$\end{document}$ and are still alive at time *t* (Nelson and Perelson [@CR15]; Yan and Wang [@CR32]; Zhu and Zou [@CR37]; Shu et al. [@CR21]; Wang et al. [@CR24], [@CR27]; Pawelek et al. [@CR17]; Huang et al. [@CR10]). The constant $\documentclass[12pt]{minimal}
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                \begin{document}$$a_1$$\end{document}$ is assumed to be the death rate for newly infected cells during time period $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{e}^{-a_1\tau _1}$$\end{document}$ denotes the surviving rate of infected cells during the delay period. Virus replication delay $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _2$$\end{document}$ represents the time necessary for the newly produced viruses to become mature and then infectious, that is, the maturation time of the newly produced viruses (Shu et al. [@CR21]; Wang et al. [@CR27]; Ji [@CR11]; Xiang et al. [@CR30]). The constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{e}^{-a_2\tau _2}$$\end{document}$ denotes the surviving rate of virus during the delay period.

We assume that the contacts between target cells, infected cells and viruses are given by an incidence function *f*(*u*, *w*, *v*),  which is assumed to satisfy the following conditions:
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                \begin{document}$$v=0$$\end{document}$). If the total number of virus is constant, the more the amount of cell is, then the more the average number of cells which are infected by each virus in the unite time will be. If the total number of cells is constant, the more the amount of infected cells or virus is, then the less the average number of cells which are infected by each infected cell or virus in the unite time will be.
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We consider model ([3](#Equ3){ref-type=""}) with initial conditions$$\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\partial }{\partial \vec {n}}$$\end{document}$ denotes the outward normal derivative on $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$ is the Laplacian operator. *D* is the diffusion coefficient of the virus particles.

In this paper, our purpose is to investigate the dynamical properties of model ([3](#Equ3){ref-type=""}), expressly the stability of equilibria. The reproduction numbers for viral infection, antibody immune response, CTL immune response, CTL immune competition and antibody immune competition, respectively, are calculated. By using Lyapunov functionals and LaSalle's invariance principle, the threshold conditions for the global asymptotic stability of equilibria for infection-free $\documentclass[12pt]{minimal}
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The organization of this paper is as follows. In the next section, the basic properties of model ([3](#Equ3){ref-type=""}) for the positivity and boundedness of solutions, the threshold values and the existence of equilibria are discussed. In Section [3](#Sec3){ref-type="sec"}, under the additional assumptions $\documentclass[12pt]{minimal}
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Positivity, boundedness and equilibrium {#Sec2}
=======================================

In this section, we show the existence, positivity and boundedness of solutions of model ([3](#Equ3){ref-type=""})--([5](#Equ5){ref-type=""}) as they represent the densities of uninfected cells, infected cells, free virus, CTL immune cells and antibody cells. Further, we discuss the existence of equilibria of model ([3](#Equ3){ref-type=""}).
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Theorem 2.1 {#FPar1}
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Proof {#FPar2}
-----
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Now, we discuss the existence of equilibria of model ([3](#Equ3){ref-type=""}). It is easy to know that any equilibrium $\documentclass[12pt]{minimal}
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Stability analysis {#Sec3}
==================

In this section, we discuss global stability of equilibria for infection-free, immune-free, antibody response, and infection only with CTL response and infection with both antibody and CTL responses, respectively.

We further introduce the following assumption
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### Theorem 3.1 {#FPar3}
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### Proof {#FPar4}
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Biologically, Theorem [3.1](#FPar3){ref-type="sec"} shows that the viruses are cleared and the infection dies out.
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### Theorem 3.2 {#FPar5}
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Biologically, Theorem [3.5](#FPar11){ref-type="sec"} implies that, if CTL immune response has not any delay, then the susceptible cells, infected cells, free virus, CTL immune response and antibody immune response can coexist in vivo.

Numerical simulations {#Sec9}
=====================
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In Figs. [1](#Fig1){ref-type="fig"}, [2](#Fig2){ref-type="fig"}, [3](#Fig3){ref-type="fig"}, [4](#Fig4){ref-type="fig"} and [5](#Fig5){ref-type="fig"}a--e are denoted time series figures of *u*(*x*, *t*), *w*(*x*, *t*), *v*(*x*, *t*), *z*(*x*, *t*) and *y*(*x*, *t*).

Discussion {#Sec10}
==========

In this paper, we have discussed a delayed virus infection model ([3](#Equ3){ref-type=""}) with diffusion, adaptive immune responses and general incidence rate. During viral infection, CTL immune responses which attack infected cells, and antibody responses which attack viruses. Hence, we assume that the production of CTL immune response depends on the infected cells and CTL immune responses. We see that similar assumption also is given in Nowak and Bangham ([@CR16]), Yan and Wang ([@CR32]), Zhu and Zou ([@CR37]), Shu et al. ([@CR21]), Wang et al. ([@CR25], [@CR27], [@CR24]) and Balasubramaniam et al. ([@CR1]). Similarly, the production of antibody response depends on the virus and antibody (Yan and Wang [@CR32]; Wang et al. [@CR25]; Balasubramaniam et al. [@CR1]; Wang et al. [@CR27]). Assumptions $\documentclass[12pt]{minimal}
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Observing all obtained results in this paper, we can directly put forward the following open question which need to be further studied in the future.

In this paper, we only discuss a five-dimensional diffusive virus infection model with intracellular delay, virus replication delay and general incidence rate. Based on different practical backgrounds, the immune response delay and mitotic proliferation terms for both uninfected and infected target cells are considered in modeling the viral infection of disease. Therefore, whether the results obtained in this paper also can be extended to five-dimensional diffusive virus infection model with mitosis transmission and immune delay. In other words, with immune delay as a bifurcation parameter, whether we also can obtain that the global asymptotic stability of equilibria for infection-free, immune-free, antibody response, infection with CTL response and infection with both antibody and CTL response, respectively, will also be a very estimable and significative subject.

This work was supported by the Natural Science Foundation of Shanxi University of Finance and Economics (Starting Fund for the Shanxi University of Finance and Economics doctoral graduates research, Grant No. Z18116), the National Natural Science Foundation of China (Grant nos. 11771373 and 11661076), the Natural Science Foundation of Xinjiang (Grant no. 2016D03022) and the Doctorial Subjects Foundation of the Ministry of Education of China (Grant no. 2013651110001).

[^1]: Communicated by Geraldo Diniz.
